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Exercise 4F

I

1 a 11=Ix"e%dx

du
Let u=x"=>—=nx

n—1

X X

Let2=65:>v=26E
dx

I x"e2dx = 2x"e? —J.2nx”*leidx
=2x"e? — ZnI x"e2dx
Therefore:

X
— 7 y"a2 ;
I =2x"e* -2nl , asrequired

Let P =2x"?

Therefore:
1,=P,-2nl,,
I, =P, —2x3I,
=B -6l,
=B _6[P2 _2X2]1]
=P, —6P, +241,

= P,— 6P, +24P — 481,
j xleldx = 2x7e? —12x%e? + 48xe? — 48j e2dx

X X X

=2x%¢2 —12x%e2 +48xe2 —96¢e? +¢

n

I, = [x(Inx)" dx
1

Let u=(Inx)' = 3% =2 (1nx)"”

Let ﬂ:x:v:lx2
dx 2

J?x(lnx)" dx = sz (Inx)’ _ijz Xg(lnx)”’l dx}

Therefore:
1 .

[ ==&~  asrequired
2 2
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3 jx+1 x+2 \/de
(

X+ )(x+2) X +3x+2

Therefore:

(x+1 x+2 (x +3x+2)\/1—x
=x"V1—x +3xV1—x +2+/1-x

So:

1 1 1 1
I(x+1)(x+2)\/1—xdx:J.xQ\/l—x dx+3jx\/1—xdx+2j-\/l—xdx
0 0 0 0

From Example 21:

I”\/l xdx=1 = 2,
0

2n+3 "
Hence:
1
[(r+1)(x+2)V1=x dx =1, +31, + 21,
0
_2X2 321 420,
(2><2+3) 243
:i 2 I+§IO+2I0
7 5
8 —1, +6I +21,
35 5
:241
7
1
Iozjxo 1—xdx
0
1
=I 1—xdx
0
So
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4 a [ :Ix"e’xdx

Let In:u=x":>d—u:nx
dx

n-1

Letﬂ:e*x:v:—e
dx

—X
Ix”e_xdx =—x"e " + nI x" e dx

Therefore:
I, =—x"e™" +nl , asrequired

I, = J.x3efxdx
=-x'e " +3I,
=-xe" + 3(—x26”r +21, )
=-x'e " -3x’e " +6,
=-xe " -3x’¢ " + 6(—x‘e“” + IO)
=-x'e " -3x’e " —6xe " +6I,
I,= J.xoe*xdx
I,= Ie"“dx
Therefore:

I,=-x'¢" =3x’e¢ " —6xe" + 6I e “dx

I,=-x'¢" =3x’e¢ " —6xe " +6e " +c

_ n_—x
I =—x"e " +nl

I, =—x"e" +41,

=-x"e" +4 (—x3 e —3x’e " —6xe " —6e" ) + ¢ using the result from part (b)

=—x'e ™ —4x’e ™ —12x’e = 24xe* —24e " +¢
—— (x4 +4x° +12x% +24x + 24) T

jx“e"‘dx = [—e-x (x“ +4x° +12x%7 + 24x + 24)]

0

1
0

=[ e (1+4+12+24+24)+¢"(24)]

—24- %
€
 24¢-65
€
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S5al :jtanh”xdx
= J.tanh”"2 xtanh® x dx
= J.tanh"*2 x(l —sech’ x) dx
= J.‘[anh”‘2 xdx —J-tanh”_2 xsech® xdx

- j tanh"2 x dy — — j%(tanh“ x) dx

n—1
= J- tanh" 2 xdx — L tanh™ " x
n—1
Therefore:

1 .
I, =1, ,———tanh"" x as required
n—1
5b [Szjtanhsxdx
=1, ~ L fanhtx
5—
L
=/, ——tanh" x
4
1 3-1 1 4
:I372—3—tanh x——tanh” x
=], ——tanh” x ——tanh" x
2 4

I = I tanhx dx
Therefore:

I, = jtanhxdx—%tanh2 x—%tanh4 X

= ln(cosh x) —%tanh2 b —%tanh4 x+c
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In2

5c¢ '[tanh“xdx
0
I3
I, =1,——tanh’ x
3
:Io—tanhx—étanth

I, = J.tanhoxdx
:'[dx

Therefore:
In2

I, = I dx—{tanhxjtltanh3 x}
3
0

In2

0
In2

= [x —tanh x —%tanh3 x}

0

Since:
tanh x — sinh x
cosh x
]' X —X
—(e* —e
=)
| .
—(e* +e
S(e+e)
e —e"
e +e "
Therefore:
1
0_ 0 1n2_ In2 2_*
tanh 0 = eo eo and tanhln2 = elnz em = % :E
e +e e’ +e P
3
1, :[mz—%—%@j J—(O—O—%(O)Sj
3x5% 3x3
=ln2- 53 —5—3

=In2- 84 as required
125
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6 a Itan”xdx——tan —Itan
1,
Let P =—tan" x
n
I = J.tan” xdx
= Pn—l _In—Z
Therefore:
14 = P3 _12
=P, ~[R~1,]
=P -R+l,
I,= J.tano xdx
_ J'dx
I,=P—PR+|[dx
Hence:

1
jtan4xdx=§tan3x—tanx+x+c

=
= L

tan’ x dx

Is=F,~1I
-R-[-1]
=P -P+1,

1, :Jtanxdx

So

I, =P,—P,+[tanxdx

Hence:

T T

4 _1 . 1 ) Z 4
Itansxdxz —tan" x ——tan” x +Itanxdx
| 4 2 0

= ltan4 x—ltan2 x+In(secx)
4 2 0

= l‘[aln4 z —ltaln2 r +In| sec ki - ltan40—ltan20+ln(secO)
4 4) 2 4 4 4 2
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6

7

C

a

tan® x dx

O'—.w\:l

~N

c=B—-1,
=Ps_[Ps_12]
=h-P+1,

=P -P+[R-1]
=h-hB+HR-1,
=P -P+R-[ds

Therefore:
3 o1 3
jtan xdx = gtan x—gtan X+ tan x

0

|
Wi ey

1 s 1 3
=|—tan  x——tan x+tanx—x
5 3 0

5
93 =
=———— as required
5 3

n

1 :J.(lnx)"dx
1
Let u=(Inx)’ :>%=n(lnx)n_1 x%

Letﬁzlzv:x
dx

— e

(Inx)" dx= [ (Inx) J njx (Inx)’ ><
[ (Inx) } nj!i (Inx)’ dx
[ lna — } n;i lnx

a

ln a nJ-

1

nl

Therefore:

I,=a(lna)" —nl,_, as required
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—3a(lna)2 +6alna—6'|-dx
1

=a(lna)3 —3a(lna)2 +6a1na—6[x]f
:a(lna)3—3a(lna)2+6alna—6a+6

Therefore:
2

[(Inx) dr=2(In2)’~6(In2) +12In2-12+6
1

=2(In2)’ -6(In2)’ +12In2-6
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7 ¢ i(lnxfdx

I,=a(lna)" —nl,,

Therefore:
I —a(lna)6 61,
=a(lna 6—6(a(1na) —514)
=a(lna)’ -6a(lna 5+30]4
~a(Ina)’ ~6a(ina)’ +30(a(ina)’ -4z

—a(Ina)’ —6a(Ina) +30a(Ina 4—120]3
=a(lna) —6a(Ina) +30a(Ina 4—120( (Ina) —3])
—a(Ina)’ —6a(Ina) +30a(Ina) —120a(Ina)’ +3601
"~6a(Ina)’ +30a(Ina)' ~120a(Ina)’ +360(a(lna)’ -2
—a(Ina ’ Ina)' =120a(Ina)’ +360a(Ina)’ - 7201,

"=720(a(lna)-1,)
—720a(Ina)+7201,

(

* ~720a(Ina +720jdx
(
(

)
0a(lna)+720[x ]a
—720a lna)+720a 720

Therefore:

j(lnx)6 dx=¢(In e)6 —6¢(In e)5 +30¢e(In e)4 —120e(In e)3 +360¢(In e)2 —720¢(Ine)+720e —720
1

=e—6e+30e—120e +360e —720e + 720e — 720
=265¢—720
=5(53¢—144)
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8 a |sin’xdx

S 0 | A

From Example 22:

I =wln_2 n>2
n

6
17 :715
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3 3
8 b Isinzxcos4xdx Ismxl sin x)2dx
0 0
3
Ism X 1 2sin? x +sin x)dx
0
3
'[ sin® x —2sin* x + sin x)dx
0
3 3 3
Jsm xdx— 2jsin4xdx+'fsin6xdx
0 0 0
=1,-21,+1,
3
1, :J.sm xdx
0
3
Zjdx
0
=[x]2
_r
2
1
]2 :EIO
_n
4
3
]4 :le
L
16
5
Ié:gl4
st
32
Therefore:
3
3
_[sm X COSs xdx-E __n+5_n
0 4 g 32
-
32
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8 ¢ jxsxll—xzdx

0

Let x:sinejgzcosé’
do

When x =1, H:g

Whenx=0, =0
1 1
j CA1—-x dx = j sin®@/1—sin> @ cos@d@
0 0
1
= Isinsﬁcosz 0do
sin’0(1-sin’ 0 )do

1

sin’0do — j sin’0d@

(=1

=I;—1
4
]5:§]3
4(2
]SZEKEIIJ
8,
15
3
Ilzjsinxdx
0
:[—cosx]o5
=—cosx+cos0
:—cos(£j+coso
2
=1
Therefore:
8
[.=—
> 15
6
]7:715
16
35
So:
1
Ixs 1-x* _8_I6
0 15 35
_8
105
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sin® 3¢dt

O'—.O\\:l

Let u= 3t = d_u=373

dt
Whent=0,u=0
Whentzl, qu
6 2
: 3
jsins 3tdt = —J.sin8 udu
0 30
1
:518
7
18 :§I6
7(5
== 27
8(6 “j
35
Sy
48 *
3(3,)
48\ 4
_10s
192 7

= I

3
sin® 3¢ds = lJ.sin8 udu
3 0
1
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sin®" x

dx

)8 I":-[ COS X

n+1

. J‘ sm
COS X

j 2n+2

COS X
2n+2
sm x s1n
I -1, = j dx — j X dx
COS X COS X

J-sm " x—sin?"? x

dx

COS X

J.sm "x— sm 2n x)(sin2 x)

cos X
J.sm xl sin x)

COS X
sm XCOS X
_J'—dx
COS X

:Isin xcosxdx

Using
LG
f’ f dx =
[£(x)[f(x)] et
gives:
: 2n+l
jsinz” xcosxdx = s X
2n+1
Therefore:
s 2n+l
I -1, = Sl; | as required
n+
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sin® x

9b I, = dx

COS X

22

sin” x
I, :J. dx

cos X

:J-I—coszxdx

COS X

=J‘( ! —cosxjdx
COS X
=I(secx—cosx)dx

secx(secx + tan x)

Isecxdx:j
secx+tanx

du
Let u :secx+tanx:>a=secxtanx+sec2x:>du :secx(tanx+secx)dx

Isecxdxzjldu
u

=Ilnu
=In(secx + tan x)
—jcosxdx:—sinx

Therefore:
I, =In(secx+tanx)—sinx

s 2n+l

]n _In+1 = =
2n+1
Whenn =1
: 3
In _In+1 = T
3
sin’ x
In+1 :In_
3

sin’ x

=In(secx+tanx)—sinx—

sin® x

dx = In(sec x + tan x ) —sin x —

{2 (51
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10a jx(l—x3)ndx

0
Let u=(1-x")" = % =3nx’(1-x°)""

Let sz:v:lxz
dx 2

Therefore:

st tor] oy

BXZ(I_X3)nl:O

Therefore:
1

Ix(l—x3 )ndx

0

98]
S

SENY

|

Il
N|§’
e~ O~ O~ O = O —_—
—_—
=
—_
Ju—
|
=

[9%)
N—
|
—_
—
|
=
W
~
—_
—
|
=
[95)
N—
|
N —

3n 3\ 3
=2 [x(1=0)" (1= Jax
jx(l—x3)dx:3—n x(l—x3) ld>c—3—nlx(1—x3) dx
0 2 2 0
Hence:
I :3—”1”71—3—"1
2 2

I £1+3—nj=3—nln1
2 2

]’1(2+3nj=3_nln1
2 ) 2

]ﬂ = 3n
2+3n

I, | asrequired
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3x4

24+3x4°
6
=713

6( 3x3 j
= I,
T\ 2+3%x3

s,
77

_s4( 3x2
77\ 2+3%x2 "

8l
=il
243
=2,

1

I, :J-x<1—x3)0dx

10b 1, =

0
1
dex
0
1
5
0

!

2
Therefore:
243 1

770" 2
243

1540

NS

4
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11a 1, :j‘(az —xz)ndx

Letu=(a’-x*) = %: ~2nx(a’ —xz)ni1

LetQ:I:v:x
dx

0 0
[x(a2 —xz) . =0
Therefore:
]i(a2 —x’ )ndx = anxz (a2 —x’ )n_ldx
0 0
= 271‘[(a2 —(a2 —xz))(a2 —xz) 1d)c
0
- 2nI(a2 (a2 —xz)n_l —(a2 —xz)(a —xz) _l)dx
0
= 2;1]1(512 (a2 —x’ )H —(a2 —x’ )n ) dx
0
= 27’1]1.612 (a2 —x’ )de— an.(a2 —x’ )ndx
0 0
= 2na2]‘(a2 —x’ )de— Zrzj.(at2 —x’ )”dx
Hence: 0 0

I = 2nazln_1 -2nl,
I +2nl =2na’l
I, (1 + 2n) = 2na2]n_l

2
2na

1

= I, , asrequired
1+2n
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b i I,

8a’
"o b

9

B 16a*
21

2
_ 2x4a I
1+2x4

2 2
:8i£2><3><a /

1+2x3 zj

2

3 16a* [ 2x2xa* I
21 | 1+2x2 !

46
6a1

" 105

1

64a° ( 2a°
- I,
105 \ 1+2

=[x],
=da
Therefore:
_1284°
‘315
1284’

315
Since

a

I(az —x’ )4dx
(a2 —x’ )4dx

Ct—\ — o

xXa

1284
- 315
128
T 315

Solution Bank
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11b ii ﬂp—xﬂ%x=j@2—f)hx
0

0

Using
B 2na’
" 142n "
gives:
2x3a?
3= i [z
1+2x3
6a’
= - I,
_6a” 2x2a21
7 (1+2%x2°"
4
_ 24a i
35
24a* ( 24°
= I,
35 | 1+2
B 16a°
35 7
1, =_[(a2 —xz)odx
0
_ jdx
0
-1
=a
Therefore:
a 6
I(az —xz)de = 16a xd
0 35
B 16a’
35
and
3 16(3)
(3 -y ar="00)
0 35
34992
35
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11b iii 11 =j\/4—x2dx

I:Z[Idx

et

=arcsinl
Using

N\'—‘

B 2na’
1+2n
gives:

n n-1

2x—a’

a .
=—arcsinl
2

Therefore

j\/4 x? :—arcsml

=2arcsinl

=T

Solution Bank
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11c¢ Let x:2sint9:>%:2cosé?

whenx=2, 0 = r
2

when x =0, =0

) 3
[Va=x" dr=[Va—4sin’ 0 x2c0s0d0
0 0

I
\®)

Cta— V8 Ot 8 Ot |8 Ot |8 o=

4(l—sin2 6’) xcos@do

\Jcos? @ xcosfdo

4

4(cos*0d6

1+ cos20
2

I
o

déo

2

(1+cos26)do

z
2

I
[\®)

I
[\
7~ NI _ 1

o

0 +lsin 29}
2 0

1. j
+—SINnT7
2

I
a
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4
12a 1, =[x"4—xdx

0

—=x"(4-x)2 | =0
0
Therefore:
4 5 4 3
jx”\/4—xdx:§nj.x”’l(4—x)2dx
0 0
2 4 n—1 l
:§n£x (4 x)(4—x)2dx
2 ¢ ! !
=§nj‘{4x"_l (4—x)2 —x-x" '(4—x)2:|dx
0
2 ¢, ! !
:Enj[4x”_ (4—x)2 —x" (4—x)2}dx
8 ; 2
:Enjx"_lxl4—xdx—gn-[x"\/4—xdx
0 0

Hence:

I, = §nIn_1 —gnln
3 3

I, +gn1n = §nIH
3 3
31, +2nl =8nl
8n

n:—I
3+2n

n-1

as required
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4
12b I, =[x4-xdx

0

3 4
:1024{—3(4—@2}
105 3
2048 3 3
— 20 (4-4)2—(4-0
o (a-ay - (a-op
2048
R
16384

315
=52.0 3s.f)
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13a [ = Icos”xdx

= J‘cos”_lx cos xdx
_ du _ .
Let u = cos” 1x:a:—(n—l)cos” 2 xsinx

dv )
Let — =cosx=v=sinx
dx

jcos"*lx cosxdx =cos" xsinx+(n- l)JAcos"*zx sin? x dx

=cos" ' xsinx+(n—1)|co 1 cos x)dx

-1 .
=cos" xsinx+(n-1

(n=1)[cos”
= cos"”' xsinx+(n—l)'[(cos X —COs x)dx
( )Ic " I)Jcos”dx
Hence:
I, =cos" " xsinx+(n-1)1,_,—(n-1)1,
I, +(n-1)1,=cos"" xsinx+(n—1)1,_,
nl, =cos"" xsinx+(n—1)1,_, as required
2n

b J = Icos"xdx

0
nJ, = [cos”_l xsin x]in +(n-1)J,,
=cos" ' 2msin 2w —cos" ' 0sin 0+ (n—-1)J,.,
=(n-1)J,,
Therefore:

"]n :(n_ljJnZ
n
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13¢ ii ng(%jJé

()

35

el
48"
35 3

=—X—T

48" 4
35

=—nm
64

d Jn = (n__lj ‘];1—2
n

When » is odd:
Letn=2k+1

g :((2k+1)_1j((2k+1)_3j-...-fcosxdx
2k+1 )\ (2k+1)-2

0

2n
=0 (since jcosxdxzo)

0
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14a ] =jx” (l—xz); dx=j‘x"_1 {x(l—xz);}dx

0
Letu=x""= du =(n-1x""

1 3

dV 2\~ 1 2\
Let —=x(1-x")?=>v=—-(1-x")
1 x(1-x7)? =v 3( x7)

1 37 n—1 2
I, :{——x”_l(l—xz)z} +—jx"—2(1—x2)2dx
3 0 39
-1 . 3
]n:n3 !x 2(l—xz)zdx
I . 1
:n3 .([x 2(1—x2)(1—x2)2dx
1! . 1
:n3 .([x 2(1—x2)(1—x2)2dx
n—1 1 n—1 .
S e e
n—l? : 1? .
ZTIx”’Z(l xz)zdx——jx”(l xz)de
0 0
Hence
In:n 11’12_71;1]”
Ly s Y
3 3
In(l+n—lJ=n—lln2
3 3
n+2 _n_—l
[n 3 - 3 n-2

(n+2)1,=(n—1)1,_, asrequired
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6
17 2315
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15a [ = J-x” cosh xdx

du
Letu=x"=>—=nx

n—1

Let ﬂ:coshx::>v:sinhx
dx

Ix” coshxdx =x" sinhx—nJ.x”‘l sinh x dx
Consider J x""sinh xdx:

Let u=x""= d_u = (n—l)x”_2

Let ﬂ:sinhx:>v:coshx
dx

J.x”" sinh xdx = x""' coshx—(n—1) I x"% cosh x dx
Therefore:
.[x" cosh xdx = x" sinhx—n (x"’l coshx—(n- I)J‘x”’2 cosh xdx)

=x"sinhx—nx"" coshx+n(n— I)J‘x"_2 cosh x dx
Hence:
I, =x"sinhx—nx"" coshx+n(n—1)1,_, asrequired

b I, =.[x4 coshxdx
= x" sinh x — 4x’ cosh x +121,
= x* sinh x — 4% coshx+12(x2 sinh x — 2x cosh x + 2]0)
= x* sinh x — 4x’ cosh x +12x” sinh x — 24x cosh x + 241,
= (x4 +12xz)sinhx—4(x3 —|-6x)coshx+24l0
:(x4 +12x2)sinhx—4(x3 +6x)coshx+24_|.xO cosh xdx
= (x4 +12x2)sir1hx—4(x3 +6x)coshx+24jcoshxdx
=( 4 +12x2)sinhx—4(x3 +6x)c0shx+24sinhx+c

=(x*+12x° +24)sinhx—4(x3 +6x)coshx+c
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15¢ I, =x"sinhx—nx""coshx+n(n-1)1,_,

16a

Therefore:
I, =x"sinh x —3x” cosh x + 61,
= x* sinh x — 3x? coshx+6J‘xcoshxdx
Letu=x= d_u =1
dx

Let Q=coshx:>v=sinhx
dx

Ixcoshxdxzxsinhx—jsinhxdx

=xsinhx—coshx+¢
I, = x* sinh x —3x” cosh x + 6 (xsinh x — cosh x) + ¢
= x’ sinh x —3x” cosh x + 6xsinh x — 6 cosh x + ¢
= (x3 —|-6x)sinhx—(3x2 +6)coshx+c

jol x’ coshxdx = [(x3 + 6x)sinh x— (sz + 6) cosh x]lo

:(13 +6><1)sinh1—(3><12 +6)cosh1+6cosh0

=7sinh1-9coshl+6
:%(7(e—e‘1)—9(e+e‘l))+6

:%(—2e—16el)+6

=—e—8 ' +6
=—e—§+6
e
:6e—e2—8
e
I :Isi?nxdx
s1nx
_J-sm n—2)x &
sin x
'[smnxdx jsm n—2)x "
sin x sin x
jsmnx sin(n—2)x &
sin x
200{’”(”‘2)]“1{”‘(”‘2)}
2 2
=j . dx
sin x

J-cos(n—l)xsinx
sin x
=2Icos(n—1)xdx

_2 1sin(n—l))c+c as required
"
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16b i

ii

2 .

[, -1, =——sin(4-1)x
(L= sin(a-1)
=£sin3x
3
14:§sin3x+l2

L-1, :%sin(Z—l)x

=2sinx+c
Therefore:

1, zésin3x+2sinx+c

I, -1, :isin(S—l)xzésin4x

I :lsin4x+13
2

I, -1, =%sin(3—1)x

=sin2x
I, =sin2x+1,
Therefore:

I :lsin4x+sin2x+l1
2

sin nx
I = j ™ dx
sin x
sin x
1=]
sin x
Hence:

I :lsin4x+sin2x+‘|-dx
2

1. )
=Esm4x+sm2x+x+c

w
e

sin 5x

——dx = lsin4x+sin2x+x}
sin x 2

s

R ]

_ NERNE) 3 3z
__T+7+3_TTE
=TC\/§

6 2
B 3n—\/§

6

[l ()5 Lol l5)
NE)
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17a I, :Jsinh"xdx

= I sinh”™ xsinh x dx

Let u =sinh" ' x = % =(n—1)sinh" xcosh x

Let ﬂ:sinhx:>v:coshx
dx

jsinh'H xsinhxdx =sinh"™ xcoshx—(n- 1)-[sinh"*2 xcosh® xdx
=sinh"" xcoshx—(n- I)J.sinh”‘2 x(l +sinh? x) dx

=sinh"" xcoshx—(n— I)J.sinh"*2 xdx—(n- I)Jsinh” xdx
Hence:

I, =sinh"" xcoshx—(n—1)1,_, —(n—1]I,
I,+(n—1)I, =sinh"" xcoshx—(n—1)I,_,

nl, =sinh"™" xcoshx—(n—-1)1,_,
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I, = lsinh"’1 xcoshx—(n _ljlnz
n
I = L ginn* xcoshx—il3

5 5

_ Linh? xcosh =4[ Lsinn? xcoshx—zl1
5 5\3 3

_Linh* xcosh x——sinh’ xcoshx+£l1
5 15 1

I = I sinh' x dx
= jsinh xdx
Therefore:

I _ Lsinh* xcosh x ——-sinh? xcoshx+£jsinhxdx
5 15 15

= lsinh4 xcoshx—isinh2 xcoshx+£coshx+c
5 15 15

Hence:
In3 4 8 In3
51nh5xdx { mnh“xcoshx—Esmhzxcoshx+—coshx}
0
=(—smh4 (In3 cosh(ln3)—%smh (ln3)c0sh(1n3)+%cosh(ln3)j
—(—smh (0)cosh(0)—isinh2(0)cosh(0)+£cosh(0))
5 15 15
1/, I 5
cosh(ln3)= 2( 34! 3)=§
cosh(0) = %(eo + eo) =1
) 1/ . I 4
smh(ln3)=E(e1 e 3)=§

sinh(O):%(eo—eO)zo

Therefore:

" 1 (4 5 4 (4Y 5 8 5 8
jsinhsxdx:—x(—J x———x(—j X — 2
0 5 \3 3 15 \3 3 15 3 15

_125654165858

=X ——X———X—X—F— X — ——

5813159315315

256 64 40 8

243 81 45 15
752

1215
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17b ii Inzlsinh”lxcoshx—(n_ljln2
n

I, :lsinh%cc:oshx—il2
4 4
~ Lginh® xcoshx—> lsinhxcoshx—llo
4 412 2

= %sinh3 xcoshx—%sinhxcoshx+zl0

Since:

I, = [ sinh x dx
=.[dx

I, _Lginn® xcoshx—ésinhxcoshx+ij.dx
4 8 8

:lsinh3 xcoshx—gsinhxcoshx+§x
4 8 8

cosh(arsinhl) = \/1 +sinh’ (arsinhl) = \/1 +12 =42
Therefore:

arsinhl
I sinh* xdx = [l sinh® x cosh x — E sinh xcosh x +— x}
0 4 8 8

arsinhl

0

= %cosh (arsinhl) - %cosh (arsinhl) + %(arsinhl) -0
= icosh (arsinhl)— %cosh (arsinhl)+ %(arsinhl) -0
=lf—§x/§+§ln(l+\/12 +1)

=32 3 (1442)

=§(31n(1+\/§)—\/§) as required
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Challenge
a [ = Ix“ (Inx)" dx

Let u=(Inx) :%:ﬁ(mx)“

X
a+l
Letﬂ x“:>v:x
a+l1
. R a+l1 ; a+l n el
jx (lnx) dx=a+1(lnx) —J.a+1x;(lnx) dx
atl n n xa+1 n—-1
= | — = (1 dx
a+1(nx) a+1 x (nx)
a+l
n a n—1
—a+1(lnx) —— J.x (Inx)" dx
Hence
a+l n n I
1 = | -
" a+1(nx) a+1 "
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b I = Ix“ (lnx)n dx

I, =I\/;(lnx)3dx where a =%

2%’ . 2n
I =—(Inx) ——1
n 3 ( ) 3 n—1
Lett=Inx
]n =2it"_2_n n—1
3 3
So:
2% ; 6
[,=—1¢t——1I
3 3 3 2
_2 g | a4y
3 3

= PP
3 3 3
:2)6 3 4x t2+§ ZLI—EIO
3 3 3l 33
:2x 3_4x t2+16x —EIO
3 3 9 9
IO:j\/;(lnx)odx
:.N;dx
Therefore:
2x 5 4x’ , 16x° 16
L="r - e [Jrdx
3 3 9 9I
_2x s 4xT ,  l6x _Exgxg
3 3 9 9 3
3 3 3 ;
:2x t3_4x t2+16x _2}65
3 3 9 27
18x° , 36x , 48x 32 32
= r— "+ ——x
27 27 27 27

3
2

2. (9t3—18t2+24t—16)
27
Since t=Inx:

I=—x (9(Inx)’ ~18(Inx)’ +24(Inx)~16)+c
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